We report the development of a new standard quadrature grid for DFT calculations. Standard Grid 0 (SG-0) is designed to be approximately half as large as, and to provide approximately half the accuracy of, the established SG-1 grid. It is based on MultiExp and Lebedev quadrature for radial and angular coordinates, respectively. We find that SG-0 is typically 50% faster than SG-1 for energy, gradient, and hessian calculations for the exchange-correlation energy. This leads to a 35-38% speedup in the total gradient and hessian computations, and we particularly recommend its use for preliminary calculations on moderately large biochemical systems. It has been implemented as the default grid for DFT calculations in the Q-Chem 3.0 package.
Introduction
The density functional theory (DFT) enjoys a number of significant advantages over traditional wave function-based post-Hartree-Fock quantum chemical methods: it is conceptually simpler; it is more easily implemented within software packages; and it is much less computationally costly. Nonetheless, notwithstanding the optimistic promises of the Hohenberg-Kohn theorem, 1 it also possesses, at least in its present incarnations, several well-documented and fundamental deficiencies. First and foremost, it does not present a well-defined hierarchy of progressively more accurate approximations that lead, in principle, to the exact solution of the Schrödinger equation. 2 Second, most popular versions include an improper energy contribution from the self-repulsion of electrons, leading to the insidious "self-interaction error" that plagues the application of DFT to systems with stretched or dissociating bonds. 3 Third, its energy expression contains a term (the exchange-correlation contribution) which involves an integral that normally cannot be evaluated in closed form and must be estimated by an approximate quadrature. The canonical example of this third weakness is the Dirac-Slater exchange energy, which is proportional to the integral over all space of the 4/3 power of the electron density. 4 There have been a number of attempts to avoid the quadrature problem, [5] [6] [7] [8] and the best of these proceed by expanding the problematic integral in an auxiliary basis set. However, this tactic is less progressive than it appears because, in the final analysis, it only replaces the task of choosing optimal grid points with the task of selecting optimal auxiliary basis functions. Indeed, it is not difficult to show that such an expansion is mathematically equivalent to a quadrature, albeit in a different space. Moreover, it is found that one needs large auxiliary bases, increasing the computational expense and reducing the allure of such approaches. As a result, the overwhelming majority of contemporary DFT calculations continue to depend upon explicit quadrature.
Other groups, resigned to the inevitability of numerical integration but seeking to work optimally within that framework, have sought highly efficient quadrature methods, that is, ones that obtain high accuracy from relatively few grid points. 9 -18 Most of these can be classified as either "standard" models in which the grid points and weights are known beforehand, 9 -16 or "adaptive" schemes in which points and weights are chosen dynamically as the integrand is explored. 17, 18 More than a decade ago, we introduced SG-1, a standard grid that aimed to yield moderately accurate results at a low computational cost. 11 It was designed to produce exchange-correlation energies with a computational effort comparable to that required to calculate the Coulomb energy using the linear-scaling Continuous Fast Multipole Method (CFMM) 19 and includes approximately 3700 grid points per atom. Since that time, SG-1 has been widely used and is now established as a useful tool for preliminary explorations of potential energy surfaces. However, subsequent advances in the treatment of the Coulomb energy, principally the Fourier Transform Coulomb (FTC) method of Fusti-Molnar and coworkers, 20 have again shifted the balance, and there is now a need for a standard grid of approximately half the size of SG-1.
Increasing computational interest in large biochemical systems also necessitates the development of efficient and well-documented standard quadratures and, although more aggressively pruned grids are now available in some quantum chemical packages, their precise definitions and error analyses have not been published. To fill this gap, we have developed a new grid (SG-0) whose construction and validation are described here.
Radial and Angular Quadratures
Because of the presence of cusps in the electron density at each of a molecule's nuclei, 21 quadrature in Cartesian coordinates is generally not recommended for computing molecular integrals. Instead, it is preferable to adopt the Becke partitioning scheme, 9 wherein a molecular integral is reduced to a sum of atomic integrals, each of which is evaluated by quadrature in spherical polar coordinates. To approximate such an integral
it is common to employ a product of radial and angular quadratures, viz:
in which N r and N ⍀ are the numbers of radial and angular nodes, respectively, and w r i and w ⍀ j are the radial and angular weights, respectively.
Although Gauss-Laguerre and Gauss-Hermite quadratures are obvious choices for the radial integration over [0,ϱ), Treutler and Ahlrichs argue 12 that these are nonoptimal because "the shell structures of atoms implies contributions of exponentials with a variety of orbital exponents." Instead, a number of schemes have been proposed to map the radial interval onto a finite one, usually [0,1], and then apply an appropriate quadrature. In 1993, Gill et al. chose to base SG-1 on the Euler-Maclaurin radial grid, 10 but it is has been argued subsequently that the latter is not as effective as some other grids, including those of Becke, 9 Treutler and Ahlrichs, 12 and Mura and Knowles. 13 In 2003, we introduced a new radial quadrature 15 that combines the logarithmic transformation
with the "log-squared" quadrature
to yield the multi-exponential (MultiExp) grid
By construction, MultiExp integrates certain linear combinations of exponentials exactly and, for this reason, appears particularly well suited to atomic quadrature. Its performance in evaluating exchange-correlation integrals in DFT calculations was studied by us 15 and in a recent review by El-Sherbiny and Poirier. 16 For the angular subintegration, separate and quadratures are possible but are generally less efficient 22 than direct quadrature on the surface of a sphere [23] [24] [25] and Koch and Holthausen 26 have stated that "there seems to be a certain consensus that the so-called Lebedev grids offer the best value for money." A Lebedev grid of degree l exactly integrates all spherical harmonics of degree l or less and, in this sense, is a two-dimensional analog of the more familiar Gauss-Legendre grid in one dimension. Lebedev 23 originally published grids up to l ϭ 53 and, later, Delley 27 published grids up to l ϭ 59. More recently, Lebedev and Laikov have extended this work as far as the l ϭ 131 grid, which consists of 5810 points. 25 Fortunately, such high-order quadratures are not necessary for our purposes and SG-0 utilizes only the 170-point (l ϭ 21) grid and its smaller cousins. For benchmarking, we have used the 1202-point (l ϭ 59) grid.
Benchmarks and Grid Optimization
In this section, we discuss the platforms, programs, and theoretical levels used in this work, the training molecule sets and benchmarks, the scale factors used in the MultiExp grid and, finally, the procedure for the construction of SG-0.
Hardware, Software and Theoretical Level
Molecular energies were calculated at the B-LYP/6-31G(d) level using geometries optimized at the MP2/6-31G(d) level. The structural optimizations and vibrational frequency calculations discussed later were also performed at the B-LYP/6-31G(d) level. All quantum chemical calculations in this work were carried out by a modified version of the Q-Chem 2.1 package 28 on various platforms, including a 152-node linux-PC cluster, in which each node contains a 2.66 GHz Intel-P4 processor, a Linux-PC workstation with dual 1.7-GHz Intel-P4 processors, and an Apple PowerMac workstation with dual 2.0-GHz G5 processors.
Training Molecule Sets
To ensure that our grid performs well in a variety of chemically important situations, our training set is biased toward compounds that are rich in the four most important elements, viz. H, C, N, and O. The training set for carbon is the largest, comprising 113 species. Analogous sets for hydrogen, nitrogen, and oxygen contained 45, 33, and 35 species, respectively. For the other elements studied in this work, the training sets comprise up to 21 species. The training sets were designed to include each atom in a variety of chemical environments. For example, NaF, Na 2 and KNa are present in the training set for sodium, for these contain sodium atoms that are ionically positive, covalently neutral, and ionically negative, respectively. The molecules in a training set were selected from a pool consisting of the G2 and G3 molecules, 29, 30 as well as some simple inorganic molecules containing second-row elements. For brevity, lists of these species are not given here, but they can be obtained in electronic format from our Web page.
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Benchmarks
Martin et al. 32 have proposed that the combination of the 99-point Euler-Maclaurin radial grid and the 974-point Lebedev angular grid, viz. EML(99,974), yields results with minimal grid error but with an "unacceptably high premium in terms of CPU time" for routine calculations. In the present work, however, an even larger grid, EML(100,1202), was employed to obtain benchmark "exact" results.
During the optimization of the SG-0 grid for a given atom, the EML(100,1202) grid was used on all other atoms. By comparing such calculations with those in which the EML(100,1202) grid was used on all atoms, we were able to calculate absolute atomization energy errors and the mean ⌬E of these errors across a training set is used to measure the overall error associated with the SG-0 grid for that atom.
Radial Scale Factors
Each of the radial grids discussed above is completely defined by two parameters, the number of grid points N r and the scale factor R, and the quadrature accuracy depends upon both of these. We have found that R is particularly important in the MultiExp grid and we have optimized this carefully for each atom.
The mean absolute atomization energy error ⌬E of an element can be calculated over a range of R values and it is sometimes useful to graph these. Such profiles for hydrogen, carbon, nitrogen, and oxygen are shown in Figure 1 and reveal that ⌬E oscillates when R is too small or too large, but that the amplitudes of these oscillations diminish as N increases. Such oscillations have been noted by other researchers, 12, 13 and Mura and Knowles argue that they arise for small R because the resulting grids are not sufficiently diffuse to treat the outer regions of the electron density. 13 Treutler and Ahlrichs suggest that the oscillations when R is large arise from the close approach of the grid points to a neighboring nucleus. 12 Mura and Knowles also propose that the amplitudes of these oscillations can be used as an indicator of the inherent numerical inaccuracy of the radial grids. It therefore follows that an optimal radial grid will have an R value within the range where both the frequency and the amplitudes are small. We adopted this idea to obtain optimal R values for SG-0. Figure 1 shows that the frequencies and amplitudes of the ⌬E values for the 20-, 23-, 25-, and 27-point grids decrease rapidly in the range of 1.1 Ͻ R Ͻ 1.6 for carbon and, on this basis, the 23-point grid with R ϭ 1.2 was adopted for this element. Other elements were examined in the same way and it was found that a 23-point grid was satisfactory for H to F but that a 26-point grid was required for Na to Cl. The associated R values are given in Table 1 .
Our "parent grids" were obtained by combining these radial grids with the 170-point Lebedev angular grid. These can be abbreviated as ML (23, 170) for first-row atoms and ML (26, 170) for the second row elements.
Grid Optimization
As discussed above, our target was that SG-0 should be roughly half as large as SG-1 (i.e., about 1500 grid points per atom) but somewhat less accurate than SG-1 (i.e., yielding roughly double the SG-1 grid error). However, when we optimized the grid to achieve the first criterion, it was not always possible to satisfy the second.
In SG-1, an atom is partitioned into five radial zones and different angular grid is applied within each of these. This zoning approach was not satisfactory, however, for SG-0 because the MultiExp radial nodes are distributed very differently from those in the Euler-Maclaurin scheme. 15 Finally, we decided to select the angular grid independently for each radial node. To optimize the SG-0 grid for an element, we therefore began with the parent grid and then progressively pruned the angular grid at each radial point, while monitoring ⌬E to ensure that its change was acceptably small. Proceeding in this way, we found that we could prune the innermost and outermost angular grids aggressively but that relatively modest pruning (if any) was possible for radial points in the valence region of the atom. The final result was a grid that was qualitatively similar to SG-1 but in which the pruning process was more highly resolved.
Standard Grid 0
In this section, we first give precise definitions of the SG-0 grids obtained above. We then assess the accuracy of the new quadrature for predicting atomization energies, structures, and vibrational frequencies. Finally, we assess the computational time saving by this new scheme.
Definition
The SG-0 grid for each of the first-and second-row elements studied is given in Table 1 . Each grid is defined by the number N r of radial grid points, the radial scale factor R, and the number of angular grid points at each of the radial points. The total number N tot of grid points on each atom is also listed and compared with the analogous value for the SG-1 grid. The SG-0 grid for any element not listed in Table 1 is defined to be the same as the SG-1 grid for that element.
In the second column of Table 1 , the notation x y indicates that the x-point Lebedev grid is used at y successive radial points. For example, the SG-0 grid for the hydrogen atom has 23 radial points and the configuration 6 6 indicates that a six-point Lebedev angular grid is used at each of the six innermost radial points, an 18-point angular grid at each of the next three radial points, followed by a single 26-point grid, a single 38-point grid, and so forth. Table 1 indicates that the SG-1 grid utilizes roughly 3800 points per atom and that SG-0 is about 40% as large. However, because of various cutoff strategies employed within the QChem program, the effective size of the SG-1 is only about 2800 and the practical reduction in moving to SG-0 is diminished accordingly. The total number N tot of grid points in SG-0 and SG-1 are included for comparison. It is interesting to note that, whereas most of the elements require at least one 146-point or 170-point angular grid, oxygen and sodium require nothing larger than the 110-point grid. The reason for this economy is not entirely clear to us but it suggests that, in molecular environments, the electron density of around these atoms tends to be more spherical than it is around other atoms. Table 2 reports B-LYP/6-31G(d)//MP2/6-31G(d) total energies and atomization energies for 67 molecules, taken mainly from the G2 set. 28 In each case, the energies were computed using the large EML(100,1202) grid, SG-1 and SG-0. By comparing these results and assuming that EML(100,1202) gives negligible grid error, we can assess the SG-1 and SG-0 grid errors.
SG-0
Accuracy
Atomization Energies
It is clear from Table 2 that the SG-0 total energies are very different from the SG-1 and EML(100,1202) energies, but that the errors in SG-0 atomization energies are comparable to the corresponding SG-1 values. This suggests that most of the SG-0 grid error in total energies comes from the atomic core regions and that, to a large extent, these "core" errors cancel out in the calculation of atomization energies. The mean absolute deviation (MAD) of the SG-1 and SG-0 atomization energies are 47 and 72 E h , respectively, indicating that the SG-0 error is typically less than twice the SG-1 error. The maximum absolute errors for SG-1 and SG-0 are 330 and 320 E h , respectively.
Isomerization energies for n-butane 3 iso-butane and n-pentane 3 neo-pentane are good test cases for grid development. The energies (according to DFT) are only roughly 1 kcal/mol but, because the isomers' shapes are very different, the predicted energies are sensitive to grid deficiencies. Using the data in Table 2 , the isomerization energies for the butane and pentane pairs are calculated to be 504 and 362 E h , respectively. SG-1 overestimates these by 1 and 221 E h , respectively, and SG-0 overestimates them by 139 and 75 E h , respectively. The SG-0 errors are comparable with those of SG-1, suggesting that SG-0 should be useful for calculations of this type.
Optimized Structural Parameters
To assess the grid error in structure optimization, we have studied 45 small molecules with a total of 55 bond lengths, 19 bond angles, and 2 dihedral angles. These were optimized at the B-LYP/6-31G(d) level, and a selection of the resulting structural parameters are shown in Table 3 . The full set is available as Supplementary Data.
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Compared with EML(100,1202) bond lengths, the maximum absolute deviation (MAX) in SG-1 is 0.00362 Å (MgOF bond a Calculated at the B-LYP/6-31G(d) level, and based on the geometry optimized at the MP2/6-31G(d) level. Energies calculated using EML(100,1202) are in hartree; others are in microhartree relative to EML(100,1202).
is an Euler-Maclaurin-Lebedev grid with N r radial and N ⍀ angular points. length in MgF 2 ) and the mean absolute deviation (MAD) of all the bond lengths is 0.00038 Å. For SG-0, the MAX is 0.01130 Å (NaONa distance in Na 2 ) and the MAD is 0.00074 Å.
Compared with EML(100,1202) bond angles, the MAX in SG-1 is 0.09°(ЄH b OCOH b in H 3 COH) and the MAD is 0.02°. For SG-0, the MAX is 0.33°(ЄHOSiOH in 3 B 1 SiH 2 ) and the MAD is 0.11°.
The SG-0 error (4°) for the dihedral angle in HOOH is disappointing, but the potential energy surface is very flat in this dimension and acute sensitivity to the quality of the quadrature should be expected.
Harmonic Vibrational Frequencies
Using the optimized geometries discussed above, 144 harmonic vibrational frequencies have been calculated at the same theoretical level. A selection of these frequencies and the corresponding zero-point energies are given in Table 4 . The full set is available as Supplementary Data. 31 We note that, for molecules that possess nonabelian symmetry (e.g., a threefold rotation axis), the use of Lebedev grids (which possess octahedral symmetry) lifts the degeneracy of E-and T-type vibrations. 11 When this occurs, we have used the average value for comparisons. When the range of formally degenerate modes exceeds 1 cm Ϫ1 , the difference is given in parentheses next to the average value.
Within the vibrational frequencies, for SG-1, the MAX is 76.9 cm Ϫ1 (lowest A 1 mode in H 2 S) and the MAD is 6.2 cm Ϫ1 . For SG-0, the MAX is 80.9 cm Ϫ1 (the lowest A 1 mode in 1 A 1 SiH 2 ) and the MAD is 7.8 cm Ϫ1 . Within the zero-point energies, for SG-1, the MAX is 343 E h (for PH 2 ) and the MAD is 38 E h . For SG-0, the MAX is 266 E h (for 1 A 1 SiH 2 ) and the MAD is 45 E h .
Summary
The SG-0 grid appears capable of yielding a variety of physical quantities with tolerably small grid error. With the exception of bond angles, the SG-0 mean absolute deviation values are less than the twice the corresponding SG-1 values. Given that the SG-0 grid is only about half the size of the SG-1 grid, such increases in grid error are reasonable and support the use of SG-0 in production DFT calculations.
Computation Time
To assess the practical cost of the SG-0 grid, we have compared B-LYP/6-31G(d) computation times when the SG-0 and SG-1 grids are used for a set of 20 amino acids. The molecular structures were taken from the database in the Spartan package and the calculations were performed on a 2-GHz dual-processor Power Macintosh under OSX version 10.4 operating system. Table 5 compares SG-1 and SG-0 on the basis of the total number of grid points, the cost of a geometry optimizations and the cost of a frequency calculation. On average, the SG-0 grid is almost exactly half the size of the SG-1 grid and this leads to a 50% speedup for the computations of the gradient and hessian of exchange-correlation energy, and a 35 and 38% speedup in the total gradient and hessian computations, respectively.
Conclusions
By combining a sophisticated pruning technique with our MultiExp quadrature, we have constructed a new standard grid, SG-0, for DFT calculations. It consists of approximately 1500 grid points per first-or second-row atom, which is about half the size of the SG-1 grid, and generally yield grid errors that are roughly twice as large as those of SG-1. The reduction of grid-size results in a 50% CPU-time saving for gradient and hessian calculations for the exchange-correlation energy, and leads to a 35-38% speedup in total gradient and hessian calculations. We believe that the SG-0 grid will be useful for DFT calculations on medium-to-large molecules and especially for preliminary structural studies. The SG-0 grid is the default quadrature for DFT calculations in the Q-Chem 3.0 package.
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